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Abstract: This paper is concerned with the analysis of a two parameter nonlinear problem whose linearisation has a 
double zero eigenvalue with only one eigenvector. The aim of the paper is to present a new approach to the theoretical 
and computational analysis of the bifurcating branches at this singular point using a symmetry in the system used to 
calculate Hopf bifurcations. It is shown that standard branch-switching can be used to jump on to the path of Hopf 
bifurcations emanating from the singular point. 
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1. Introduction 
This paper is concerned with the calculation of a path of Hopf bifurcations which emanates 
from a certain singular point of a two parameter nonlinear system 
f(x, A, Cx) =o. 0.1) 
Here A, (Y E R, x E X, a Banach space, and the nonlinear mapping f: X X aB X [w + X is 
assumed to be as smooth as required by the theory. Problems like (1.1) arise in the study of 
equilibria of systems of the form 
%+f( x, A, a) = 0, (l-2) 
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Fig. 1. Schematic diagram of a fold curve with an (0)2-quadratic fold point and path of Hopf bifurcation points. If P 
is a stable solution of (1.2) then only points in the “quadrant” of the solution surface containing P are stable. 
and, in particular, the transition from steady-state solutions to periodic solutions in (1.2) 
typically occurs at a Hopf bifurcation. Such a point is usually recognized by the occurrence of 
pure imaginary eigenvalues of f,, the linearisation with respect to x of the steady-state equation 
(1.1). 
In the two parameter problem (1.2) it is well known [2, p.3641 that if fX(xO, A,, Q) has a 
double zero eigenvalue but only one eigenvector then, generically, a path of Hopf bifurcations 
emanates from (x0, A,, ao). The point (x0, A,, aO) also lies on a path of fold (turning) points 
and the generic picture is shown in Fig. 1 where 0 corresponds to (x0, A,, Q). Let us make the 
following assumptions (where f,” :=fX(xO, A,, aO) etc.) 
f(x,, A,, %> =o, (1.3a) 
dim N[~,O] = 1, (1.3b) 
N[f,O] =span{@& W% 
R[fg] =span{yEX, +TY=~}, +i+O, 
(1.3c) 
$%, = 0. (1.3d) 
(Note we use the notation $‘,v to denote the dual pairing even for the infinite dimensional 
Banach space.) In addition we shall assume the usual quadratic fold point nondegeneracy 
conditions 
GfhO+0, 9W5Wi + 07 (1.4) 
and hence call (x0, A,, Q) an (0) ‘-quadratic fold point. 
Figure 1 immediately suggests a computational procedure for the recognition of 0: 
fix QI, calculate the fold point A, 
free QI and follow the path of fold points monitoring $&, in the process, 
detect the existence of 0 by a sign change in $‘$#Q. 
Once an approximation to 0 is known it may be found by solving the system C(y) = 0 where 
f(x, A, a), 
fx(x, A, +,, 
c(y) := I’+, - 1, Y = (x, +1, A, +0, a> (1.5) 
f,(X> A> a>+0 - 419 
IT&> 
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which is essentially that given by Roose [7] and Roose and De Dier [8]. Here 1 is merely a 
normalising element as in [6], and at a root of (1.5) &, is the generalised eigenvector of f,O. In [4] 
a very general theory for the behaviour of solutions of (1.1) near an (0)2-fold point is given. In 
that paper it is shown that the system (1.5) is one special case of a general class of methods for 
the computation of 0. In addition the theory includes, for example, results about Hopf 
bifurcations emanating from higher order singularities and results on the stability of the 
bifurcating Hopf branch. 
Practical experience in a problem where f arises from a discretization of the Navier-Stokes 
equations indicates that it is difficult to jump from 0 on to the path of Hopf bifurcations unless 
good starting values for a point on the Hopf path are known. In [4] a description of how to step 
on to the Hopf path is given, using the fact that both fold points and Hopf bifurcation points 
satisfy, for fixed cy, the extended system given by Jepson [3] and Griewank and Reddien [l], 
P(z, a) = 0, F: ZxR-+Z, z=XxXxRxxxR, (1.6a) 
where 
f(.& A, 4, 
f,(x, A, a>a - wb, 
F(z, a) := lTa - 1, z= (x, a, A, b, u) (1.6b) 
f,(x, A, a)b+oa, 
lTb. 
In particular the path of fold points is given by z( CY) = (x, &, X, 0, O)(a) and the path of Hopf 
points by X(CY) = (x, a, X, b, ~)(a)_ Standard bifurcation theory, involving the use of Algebraic 
Bifurcation Equations as in Keller [5], shows that 0 is a pitchfork bifurcation in the system 
F( z, a) = 0. Thus the path of Hopf points may be computed using the usual branch switching 
technique. Roose and De Dier [8] use a different system to compute Hopf bifurcations which 
does not admit fold points as solutions and so they step on to the Hopf path by a different 
method. However the analysis of the single system (1.6) provides a complete picture. 
The point of this note is to give a straightforward analysis of the fact that 0 is a pitchfork 
bifurcation in the system (1.6). The analysis relies on the results on symmetry breaking 
bifurcations in [9] and is much neater than that presented in [4]. One theoretical by-product of 
the analysis is that it gives a self-contained proof for the existence of the path of Hopf 
bifurcation points emanating from 0. A computational by-product is that it provides the 
information necessary to start the numerical calculation of the path of Hopf bifurcations. The 
point 0 is often called a Takens-Bogdanov point and the two dimensional case, x E Iw*, is well 
studied in the dynamical systems literature, see, for example [2]. Our treatment is quite different 
and allows x E X, a Banach space. 
No numerical results are presented here. Numerical calculations for the Navier-Stokes 
equations are given in [4], where the actual problem studied is the finite Taylor problem with 
asymmetric ends. 
2. The analysis 
The key point in the analysis is to note that equation (1.6) satisfies a reflectional symmetry 
condition. To do this we introduce a symmetry operator S on Z = X x XX OS! x XX R defined 
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Sz = (x, a, A, -b, --w). 
Clearly 
S2=I, s # I, 
and F given by (1.6) satisfies the symmetry (equivariance) condition 
F(Sz, cx) =SF(z, a), ZEZ. 
There is now a natural splitting of Z into symmetric and antisymmetric components 
Z=Z,@Z,, 
with 
(2.1) 
(2.2a) 
(2.2b) 
(2.3a) 
zEZ, = Sz=z 0 z=(x, a, A,O,O), (2.3b) 
ZEZa = Sz = -z = z = (0, 0, 0, b, a). (2.3~) 
We remark that the symmetry S given by (2.1) is a property of the extended system (1.6) and has 
nothing to do with any symmetry which may be present in the f given by (1.1). The main result 
follows from results in Section 2 and 3 in [9]. 
First restrict attention to Z, X (cq, - 6, cq, + 8) which, using (2.3b), is precisely the path of 
fold points near CQ,. Let us write z, = (x, +i, A, 0, 0) E Z, and, for convenience, write F,” and I;,” 
for E(G, a) I z and FZ(zs, cx) 1 z, respectively. If we now consider F,( zs, a) as a mapping on 
Z, X Z, then it is well known that Fz( zs, cx) = diag( F,“, Fza) and so results about F,( zs, a) can be 
obtained from results on Fzs and F,“. It follows from results in [6] that F,” is nonsingular along 
the fold curve provided that for (Y E (Q - 6, (Ye + S) 
G-f, + 0, Gfx,w9 f 0 (2.4a) 
and that the normalising element I in (1.6) satisfies 
l’+, # 0. (2.4b) 
Note that the condition #&, = 0 does not affect the regularity of the basic system for fold points 
(f, fxh lT+l - 1) = 0. N o e t also that the Implicit Function Theorem applied to F( zs, cx) = 0 
gives that z, is a smooth function of 01 near (Y = (Ye and so we may write x( ar), $,( cu) and A( a) 
and differentiate these terms with respect to (Y. Similarly, if #i is appropriately normalised, say 
#TV = 1 (2.4~) 
where Y is a fixed element not orthogonal to $i along the fold curve, then it may be deduced 
that along the fold curve near (Y = Q, $i = $i((~) and d’ff 1 erentiation with respect to (Y is 
allowed. If X is a Hilbert space, for example X= R”, then the normalisations $$+i = 1 and 
$&!J, = 1 are often used in place in those given above with minimal change to the theory. 
To check for a possible symmetry-breaking bifurcation we need to find a point where Fz” is 
singular. The fact that an (0)2-quadratic fold point is such a point, is the content of the 
following lemma. 
Lemma 2.1. Assume (1.3a, b, c) and (2.4) hold. 
(a) If I/.JT+, # 0 then 4’ is nonsingular on Z,. 
(b) If I):‘, = 0 then dim N( ca) = 1, 
N(F,“) = span{@,}, RR”) = { zEZ: YP~z=o}, 
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where 
@a = (0, 0, 0, -Go, 11, 
with $o, the generalised eigenvector, given in (1.5) and 
‘ka = (0, 0, 0, $1, 0). 
Proof. (a) It is readily shown that 
(2.5) 
(2.6) 
pa= fx 6 
z 
i 1 IT 0 . 
If I/JTC#Q  0 then F,” is nonsingular using Lemma 2.8 in [5]. 
(b) If +&, = 0 then [ - &,, llT is the only eigenvector, where &, is given in (1.5). It can not be 
shown that 
R(F,“)= (zEZa:(O,O,O, +,,O)Tz=O) 
and results (2.5) and (2.6) now follow. 0 
Lemma 2.1 tells us that symmetry-breaking bifurcation might occur in J’( z, CY) = 0 at an 
(0)2-quadratic fold point. In fact, it is known from Theorem 2.1 of Werner and Spence [9] that 
pitchfork bifurcation will occur if the following nondegeneracy condition is satisfied at 
(x0, A,, ao): 
\k,T( FZZ@, + &;$Q # 0 (2.7) 
where 
F;v, = -F,“. (2.8) 
It now remains to convert this condition on F( z, a) = 0 to one on f( X, h, CX) = 0 in the 
neighbourhood of the (0) 2-quadratic fold point. As might be expected, it relates to the crucial 
condition (1.3d) and is stated in the following lemma. 
Lemma 2.2. Assume (1.3) and (2.4). Let F(z, a) be given by (1.6). Then, with @,, YP~ and V, as 
above, 
(2.9) 
Proof. First note that differentiation of F( zs, cx) = 0 with respect to CY provides F,“( z,), + F,” = 0, 
where (z,), = dz,/dcu etc. This is precisely (2.8) and so we have 
v, = (X,> G#&Y A,)> 
using the subscript (Y to denote differentiation with respect to (Y. It is straightforward to show 
that 
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which together imply that the left-hand side of (2.9) equals 
(2.10) 
By differentiating $Tf,( x, X, CY) = 0 with respect to (Y (recall that #i = $i( CY) near a,) and 
evaluating at (Y = ffo, one can show that the second term in this expression is equal to ( +,)ffXo~o 
or (I/J,)&. Thus (2.10) becomes 
and (2.9) is proved (cf. [7]). 0 
We gather together the results of this section in the following theorem. 
Theorem 2.3. Assume (1.3), (2.4) and that F(z, a) is giuen by (1.6). If 
(2.11) 
at the (0) 2-quadratic fold point, then F( z, a) = 0 has a simple symmetry-breaking bifurcation point 
at ff=cxo. At this point the tangent to the Hopf branch (i.e. the antisymmetric tangent) is 
(0, 0, 0, -$o, 1) and the tangent to the fold curve (i.e. the symmetric tangent) is 
(X,> (+I>,> L 09 0). 
Remark 2.4. An immediate corollary of the above analysis is a “first principles” existence proof 
of the fact that, generically, a path of Hopf bifurcations emanates from an (0) 2-quadratic fold 
point of f (x, h, cx) = 0, since this path corresponds to the path of symmetry-breaking bifurca- 
tions of F( z, a) = 0 whose existence is ensured by (2.7) or (2.11). 
Remark 2.5. Note that if we choose to move onto the path of Hopf bifurcations using the 
pseudo-arc length approach, see Keller [5], then the equations to be solved are 
F(z(s), a(s)) = 0, 
$(z(s) -z(o)) + aio(“(S) - cy(0)) = s, 
taking s = 0 at (x0, A, CX~) and with * denoting differentiation with respect to s. In this case 
&, = 0, i, = (0, 0, 0, -Go, 1) and the tangent vector (i,, aio) is immediately found. The usual 
“predict-solve” procedure can now be applied. It is worth repeating our comment in the 
Introduction on the difficulty of jumping from 0 on to the path of Hopf bifurcations when 
f (x, A, a) = 0 represents a large finite dimensional system. Our experience indicates that it can 
prove very difficult, and expensive in computer time, to locate a point on the path of Hopf 
points away from 0 unless an algorithm which uses the tangent information is used. 
Remark 2.6. Note that the pitchfork branch is double in the sense that + o and -w represent 
the same solution, shifted by half a period. 
Remark 2.7. It is often of interest to determine the stability of equilibrium solutions of (1.2) and 
it is well known that, generically, an equilibrium solution loses stability at a fold point or at a 
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Hopf bifurcation point. Thus in Fig. 1 if the point P represented a stable equilibrium solution 
then (sufficiently close to 0) all points in the same “quadrant” as P represent stable equilibrium 
solutions. However, points on the lower part of the fold curve and points on the other side of the 
Hopf path represent unstable equilibrium solutions. This stability information is also given in [2]. 
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